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The present work is devoted to the determination of the macroscopic poroelastic and porothermoelastic properties of
geomaterials or rock-like composites constituted by an isotropic matrix with embedded ellipsoidal inhomogeneities and/or
pores randomly oriented. By considering the solution of a single ellipsoidal inhomogeneity in the homogenization problem
it is possible to observe the signiﬁcant inﬂuence of the shape of inhomogeneities on the eﬀective porothermoelastic prop-
erties. In the particular case of microscopic and macroscopic isotropic behaviors, a closed form solution based on analyt-
ical integrate of the Eshelby solution for the single ellipsoidal inhomogeneity can be obtained for the randomly oriented
distribution. This result completes the well known solutions in the limiting cases of spherical and penny shape inhomoge-
neities. Based on recent works on porous rock-like composites such as shales or argillites, an application of the developed
solution to a two-level microporomechanics model is presented. The microporosity in homogenized at the ﬁrst level, and
multiple solid mineral phase inclusions are added at the second level. The overall porothermoelastic coeﬃcients are esti-
mated in the particular context of heterogeneous solid matrix. Numerical results are presented for data representative of
isotropic rock-like composites.
 2007 Elsevier Ltd. All rights reserved.
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coeﬃcient1. Introduction
This paper treats the estimation of the eﬀective porothermoelastic properties of rock-like composites by
using the Eshelby and Hill polarization tensors for an ellipsoidal inhomogeneity in an isotropic elastic mate-
rial. Micromechanical approach used here aims at determining the macroscopic behavior of heterogeneous
materials from the solution of a boundary value problem deﬁned on the Representative Volume Element
(RVE) at the microscopic scale (see Zaoui, 1997; Torquato, 2002; Dormieux et al., 2006, 2002). In this paper0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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The relevancy of the Eshelby’s solution to poroelasticity, thermoelasticity and porothermoelasticity has been
discussed and established in many papers. The reader may refer to the papers of J.G. Berryman and coauthors
(see among others Berryman and Milton, 1992; Berryman, 1997, 1998, 2006), and to the papers of M. Kacha-
nov, Sevostianov and coauthors (see among others Shaﬁro and Kachanov, 1997; Tsukrov and Kachanov,
2000; Kachanov et al., 2001; Kachanov and Sevostianov, 2005) who study the mechanical properties, conduc-
tive properties, cross-properties of composite materials containing cracks and/or pores of various shapes. An
extensive bibliography and inclusion-based anisotropic poroelasticity model with application to porous rocks
have been presented in Xu (1998), Jakobsen and Johansen (2005) and Levin and Markov (2005). Recent appli-
cations of Eshelby’s based tensor approach to homogenization of porous media have been presented in Ulm
et al. (2005) and Dormieux et al. (2002, 2006) (see in particular chapter 6 devoted to the Eshelby problem in
poroelasticity). In these works the well known Eshelby and Hill tensors for ellipsoidal inclusions in an isotro-
pic medium (Eshelby, 1957, 1961; Mura, 1987; Nemat-Nasser and Hori, 1993) have been used through
homogenization schemes. Years ago Christensen (1979) provided a number of closed formulas for particular
cases of inclusions distribution for both poroelastic and thermoelastic materials. Similar relations for eﬀective
electric and elastic properties of a porous media, obtained however by a diﬀerent approach, have been pro-
posed for two phase-composite materials by Sevostianov and Kachanov (2002). These kind of solutions
revealed to be very useful in practice at least for two reasons: ﬁrstly for some particular cases relatively simple
formulas could be found expressing eﬀective properties as some functions of material structure. This allows
one to have a good idea for the expected eﬀective properties once the structure is known or inversely, when
the eﬀective properties are known it allows, by using limited information on the structure to guess the most
probably physical structure. Secondly these formulas allow to clearly establish relationships between some
kind of eﬀective properties (let say mechanical ones) with some other ones (for example thermal). It is there
relatively easy to guess the evolution of some of them known the others (Sevostianov and Kachanov, 2002). As
an example Chen et al. (2007) recently present connection between bulk modulus and thermal expansion
coeﬃcient.
An essential point to discuss, in the context of microporomechanics, is the homogenization scheme. Very
often diﬀerent authors used the self-consistent scheme and variants. For low and moderate volume fraction of
inclusions and for materials such as deep clayey formations, the Mori–Tanaka homogenization scheme pro-
vides correct results for elastic and poroelastic properties (see Ulm et al., 2005; Giraud et al., 2005, 2007b). It
may be noticed that in order to account for the spatial distribution of non-spherical inclusions, the Ponte Cas-
tan˜eda–Willis scheme (Ponte Castan˜eda and Willis, 1995) can be used instead of Mori–Tanaka scheme (see
Jakobsen and Johansen, 2005 for applications of this estimate to porous rocks). Lutz and Zimmerman
(2005) investigated the eﬀect of spherical inclusions on bulk modulus and thermal conductivity in the isotropic
case. Recently Levin and Alvarez-Tostado (2006) derived general result for eﬀective porothermoelastic con-
stants of an inhomogeneous porothermoelastic medium, using the eﬀective ﬁeld method (EFM) as a particular
case of self-consistent homogenization scheme. As pointed out by these authors similar hypothesis are used in
some earlier works in relation with Mori–Tanaka modiﬁed scheme. Compared to the latter reference, the
results presented in this paper are restricted to the simpler case of isotropic porous media. For low and mod-
erate porosity, approximately lower than 0.20, and for materials such as deep clayey formations, the Mori–
Tanaka homogenization scheme provides correct results for elastic and poroelastic properties (see Ulm
et al., 2005; Giraud et al., 2007b). The Mori–Tanaka homogenization scheme will be used in the rest of the
paper, for applications to isotropic porous material characterized by low and moderate porosity.
In this paper the estimate of porothermoelastic eﬀective coeﬃcients is studied in relation with geological
materials of shale and argillite type. So, we consider the case of a porous rock composed of an isotropic matrix
containing embedded ellipsoidal inclusions of solid minerals and pores (see Ulm et al., 2005; Giraud et al.,
2007b). The pore space is assumed to be made of a set of pores that can be described as randomly distributed
inclusions of similar ellipsoidal shape (see Dormieux, 2005; Sayers, 1994; Ulm et al., 2005), so there is only one
class of pores, approximated by ﬂat oblate spheroidal inclusions. Here we are limited in the particular case of
isotropic distribution of oblate pores that in connection with the isotropy of matrix and those of spherical
mineral inclusions leads to overall isotropy. In order to obtain the full set of eﬀective porothermoelastic coef-
ﬁcients we make use of a two-step Mori–Tanaka based homogenization scheme.
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elastic medium with randomly distributed oblate inclusions is recalled and closed form relationships of eﬀec-
tive properties are presented. Then these results are used in the case of a porous rock and discussed in respect
with the role of pore space on overall eﬀective properties.2. Background: Single inhomogeneity and randomly distributed inhomogeneities in an inﬁnite isotropic matrix
2.1. Notations, deﬁnitions and preliminary results
Hereafter we deﬁne some notations and recall some results which are needed later (see among others
Nemat-Nasser and Hori, 1993; Suquet, 1998; Zaoui, 1998; Markov, 2000; Suquet and Bornert, 2001). Barred
letters A, C, D, Q refer to fourth order tensors, bold-face letters e, r, d refer to second order tensors, under-
lined letters z, x refer to ﬁrst order tensors. Einstein’s summation convention over repeated indices is used
unless otherwise indicated. , : and ::, respectively, represent tensor product, contracted products on two
and four indices. d, I, J and K, respectively, represent the second-order identity tensor, the fourth-order sym-
metric identity tensor, spherical and deviatoric tensors (dij denotes Kronecker delta symbol, dij = 1 if i = j,
dij = 0 otherwise)a b ¼ aijbklei  ej  ek  el; a : b ¼ aijbji ð1Þ
A : B ¼ AijklBlkmnei  ej  em  en; A :: B ¼ AijklBlkji ð2Þ
d ¼ dijei  ej; I ijkl ¼ 1
2
ðdikdjl þ dildjkÞ; J ijkl ¼ 1
3
dijdkl ð3Þ
K ¼ I J; J : J ¼ J; K : K ¼ K; J : K ¼ K : J ¼ 0 ð4Þ
d : J ¼ d; d : K ¼ 0 ð5Þ
I :: I ¼ 6; J :: J ¼ 1; K :: K ¼ 5; J :: K ¼ K :: J ¼ 0 ð6ÞThe overline refers to an intrinsic average, a represents the intrinsic average of a over the RVE denoted X, aa
represents the intrinsic average of a over the a phasea ¼ 1
X
Z
X
adX; aa ¼ 1
Xa
Z
Xa
adX ð7Þ2.2. Isolated isotropic ellipsoidal inhomogeneity embedded in an inﬁnite isotropic matrix
We ﬁrstly consider in this section the problem of an isotropic isolated oblate spheroidal inhomogeneity
embedded in an inﬁnite isotropic matrix. The well known solution of this elementary problem is then used
to take into account a randomly oriented distribution of inhomogeneities. In this paper we generally deal with
oblate or prolate spheroidal inclusions whose half-lengths (centered at the origin O) are denoted, respectively,
a in the plane z1  z2 and c = ae (the symmetry axis of the ellipsoid is z3); e deﬁnes the aspect ratio of the ellip-
soid. Consequently, an ellipsoidal inclusion aligned in the principal directions of the coordinate system
(z1,z2,z3) is geometrically characterized byz 2 X () z
2
1 þ z22
a2
þ z
2
3
a2e2
6 1 ð8ÞThe fourth order Hill tensor P of the ellipsoidal inhomogeneity can be obtained from the second order deriv-
atives of Green’s function G(z  z 0) (see among others Mura, 1987; Nemat-Nasser and Hori, 1993)PXijklðzÞ ¼
1
4
ðMXkijlðzÞ þMXkjilðzÞ þMXljikðzÞ þMXljkiðzÞÞ; z 2 X
MXijklðzÞ ¼ 
o
ozl
Z
X
oGijðz z0Þ
ozk
dXz0
ð9Þ
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dinates attached to the ellipsoid (see also, among others, the reference books Mura, 1987; Nemat-Nasser and
Hori, 1993 for complete expressions of Eshelby tensors). The ﬁve independent components characterizing
transversely isotropic P tensor are recalled in Appendix A. The dilute concentration tensor Di of an homoge-
neous ellipsoidal inhomogeneity (i) (of stiﬀness tensor Ci and aspect ratio e) embedded in an inﬁnite isotropic
matrix (of stiﬀness tensor Cm) is expressed as followsDi ¼ ½Iþ Pm : ðCi  CmÞ1; Pm ¼ Pðe;CmÞ ð10Þ
Di tensor is also referred asWu tensor and denoted T in Wu (1966) and Berryman and Berge (1996). Di tensor
has the same symmetries than those of the Eshelby tensor. By denoting z3 the symmetry axis of the oblate
spheroidal inclusion, the six independent components of Di tensor are Di1111, D
i
1122, D
i
1133, D
i
3311, D
i
3333, D
i
2323.
2.3. Random orientation distribution of isotropic ellipsoidal inhomogeneities
As stated in the references Wu (1966) and Berryman and Berge (1996), if the composite of interest is iso-
tropic, no particular orientation of the spheroidal inclusions is preferred. Then, it is not the full tensor Di that
is of most interest but rather its isotropic average denotedQi in what follows. As in previously cited references,
the isotropic average can be expressed thanks to the isotropisation method deﬁned by Bornert (2001)Qi ¼ QikJþ QilK; Qik ¼ Di :: J; Qil ¼ Di :: K=5 ð11Þ
In the particular case of oblate spheroidal inhomogeneities with symmetry axis z3, relation (11) yieldsQik ¼
1
3
ð2ðDi1111 þ Di1122 þ Di1133 þ Di3311Þ þ Di3333Þ
Qil ¼
1
15
ð7Di1111  5Di1122  2ðDi1133  6Di2323 þ Di3311  Di3333ÞÞ
ð12ÞBy taking into account relation (10) and Appendix A, explicit expressions of coeﬃcients Qik, Q
i
l can be easily
obtained thanks to formal calculations (Mathematica has been used to obtain relations presented in this pa-
per). Compact expression of hydrostatic coeﬃcient Qik can be obtained in the particular case of inhomogene-
ities with zero stiﬀness coeﬃcients (see relation 64 in Appendix B).
3. Application to isotropic porothermoelastic media with randomly oriented ellipsoidal inhomogeneities
In this section, the application of the previous solution to the estimate of overall properties of isotropic
porothermoelastic composites is presented. The linear isotropic porothermoelastic constitutive equations
are ﬁrst recalled. Application of the previous results to estimate of eﬀective coeﬃcients of porous media in
two simpliﬁed limiting cases, fully drained and fully undrained cases, are presented.
3.1. Linear isotropic porothermoelastic constitutive equations
The linear porothermoelastic behavior at the macroscopic scale writes (see founding Biot’s papers Biot,
1941, 1973, 1977, and among others Cowin, 2004; Coussy, 2004)R R0 ¼ Chom : E  BðP P 0Þ  jhomH
/ /0 ¼ B : E þ
P P 0
N
 3ahom/ H
Ss  S0s ¼ jhom : E  3ahom/ ðP P 0Þ þ
Chome
T 0
H
ð13ÞChom, B, ahom, jhom, N and ahom/ , respectively, represent the fourth order drained stiﬀness tensor of the skel-
eton, the second order Biot tensor, the second order drained thermal expansion tensor, the second order
drained latent heat tensor (jhom ¼ Chom : ahom), the solid Biot modulus (Dormieux et al., 2006, p. 141) and
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ond order macroscopic stress and strain tensors, the pore pressure, the temperature variation, the lagrangian
porosity (deﬁned as the ratio of the pore space volume over initial total volume of the RVE) in the current and
reference conﬁguration, the volumetric entropy of the solid skeleton in the current and initial conﬁguration. u
represents the Eulerian porosity deﬁned as the ratio the pore space volume over the initial total volume of the
RVE. In the reference conﬁguration, by deﬁnition, /0 = u0 (see Dormieux et al., 2006, p. 144). The porosity in
the reference conﬁguration will referred as fp in the rest of the paper (fp = /0 = u0). When the solid matrix is
homogeneous, the macroscopic Biot tensor B, solid Biot modulus N, and ahom/ diﬀerential expansion coeﬃcient
can be expressed as function of drained macroscopic elastic tensor Chom of the skeleton and of the elastic com-
pliance tensor Sm of the solid matrix m (see Biot and Willis, 1957; Nur and Byerlee, 1971; Berryman and Mil-
ton, 1992; Cheng, 1997; Loret et al., 2001; Dormieux et al., 2006) and micro–macro compatibility equation
giveB ¼ d : ðI Sm : ChomÞ; 1N ¼ ðB  /0dÞ : Sm : d ð14Þ
ahom ¼ am; 3a hom/ ¼ ðB  /0dÞ : am ð15ÞIn the particular case of isotropic homogeneous solid matrix and isotropic solid skeleton, the relations
between skeleton and matrix properties becomeB ¼ bd; b ¼ 1 k
hom
km
;
1
N
¼ b /0
km
; ahom/ ¼ ðb /0Þam ð16ÞIt must be emphasized that Biot relations (14)–(16) are only valid in the case of homogeneous solid matrix
(microhomogeneity hypothesis, see Cheng, 1997).3.2. Eﬀective drained porothermoelastic coeﬃcients
We present in this section the estimate of drained porothermoelastic properties. Homogenized bulk mod-
ulus and shear coeﬃcient derived from Mori–Tanaka homogenization schemeChom ¼ Cm þ fpðCp  CmÞ : Qp : ½ð1 fpÞIþ fpQp1 ð17Þ
One considers a particular thermoelastic medium composed of isotropic matrix and pores with zero stiﬀness
propertieskp ¼ 0; lp ¼ 0; Cp ¼ O ð18Þ
It corresponds to the fully drained poroelasticity, referred as the drained microelasticity described in chapter 4
of the book Dormieux et al. (2006). By taking into account relations (17 and 18), the relations (15 and 16),
yieldkhom
km
¼ 1 fp
1 fpð1 QpkÞ
;
lhom
lm
¼ 1 fp
1 fpð1 QplÞ
b ¼ fpQ
p
k
1 fpð1 QpkÞ
;
km
N
¼  fpð1 fpÞð1 Q
p
kÞ
1 fpð1 QpkÞ
ahom/
am
¼ km
N
; ahom ¼ am
ð19ÞIn the particular fully drained case, Qpk and Q
p
l only depend on the Poisson ratio mm of the matrix and on the
pore aspect ratio ep. As a consequence, it may be noticed that an isotropic orientation distribution of oblate
ellipsoidal pores in an isotropic matrix gives eﬀective Biot coeﬃcient only function of the porosity fp, the pore
aspect ratio ep and the Poisson ratio mm. A compact explicit expression of the fully drained volumetric coeﬃ-
cient Qpk has been obtained (relation 64, Appendix B) so the eﬀective porothermoelastic coeﬃcients k
hom, b, N,
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ﬁcient as functions of fp, e and mm by multiplying or dividing by Em, the Young modulus of the matrixEm
N
¼  3f pð1 fpÞð1 Q
p
kÞð1 2mmÞ
1 fpð1 QpkÞ
ð20ÞRespective inﬂuences of ep and mm on deviatoric and hydrostatic coeﬃcients Q
p
l and Q
p
k are presented in Figs. 1
and 2. Note a slightly non-monotonous evolution of the hydrostatic coeﬃcient for a nearly incompressible
matrix and nearly spherical pores. Respective inﬂuence of pore aspect ratio ep and Poisson ratio of the matrix
mm on eﬀective bulk modulus and shear coeﬃcient (relation 19) is presented in Figs. 3 and 4. A well known
result is observed (Fig. 4): the overall shear coeﬃcient is an increasing function of the pore aspect ratio (at
given porosity). Similar results have been presented in many references, including Wu (1966), Shaﬁro and
Kachanov (1997) and Kachanov et al. (2001). Randomly orientation distribution of ﬂat pores weakens the
material compared to spherical pores (with the same volumetric fraction). Respective inﬂuence of pore aspect
ratio and Poisson ratio of the matrix on eﬀective Biot coeﬃcient and eﬀective solid Biot modulus is presented
in Figs. 5 and 6. As expected, the eﬀect of the Poisson ratio of the matrix on deviatoric and hydrostatic coef-
ﬁcients Qpl and Q
p
k, and then on poroelastic coeﬃcients is very signiﬁcant near matrix incompressibility,
mm! 0.5 (see Figs. 1–6). The eﬀect of pore aspect ratio on porothermoelastic coupling parameters is higher
in the lower range 0.01 6 ep 6 0.1 of pore aspect ratio ep, which corresponds to ﬂat pores. Biot coeﬃcient
is a decreasing function of ep in the lower range 0.01 6 ep 6 0.1. It may be noticed that a mean value
ep = 0.05 is often taken into account in shale type rocks (Sayers, 1994; Jakobsen and Johansen, 2005). A
non-monotonous evolution of bulk modulus, Biot coeﬃcient, and solid Biot modulus with increase of pore
aspect ratio can be observed in the upper range (0.1 6 ep 6 1), depending on the Poisson ratio of the matrix
(Figs. 3, 5 and 6, left column). It must be emphasized that coupling parameters N and ahom/ are extremely dif-
ﬁcult to be characterized in low permeable rock-composites such as shales and argillites investigated in this
paper. A micromechanical analysis of a porous geomaterial, even simpliﬁed as it is the case here, would be0.02 0.04 0.06 0.08
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roscopic parameters such as N and ahom/ provided by microporomechanical model may be useful to be intro-
duced in macroscopic coupled models.3.3. Eﬀective undrained porothermoelastic coeﬃcients
A fully undrained porothermoelastic material can be seen as a particular two-phase thermoelastic media
composed of isotropic matrix m and undrained pores (see also Shaﬁro and Kachanov, 1997)kp ¼ k‘; lp ¼ 0; ap ¼ a‘; Cp ¼ 3k‘J; jp ¼ 3k‘a‘d ð21Þ
Introducing the elastic properties (21) in the general relations (10)–(12) yields the corresponding Qi tensor and
its related hydrostatic and deviatoric coeﬃcients, respectively, denoted Q‘, Q
‘
k, Q
‘
l. In the limiting case of spher-
ical pores (ep! 1) one deduces the simple formulaeQ‘k ¼
3ð1 mmÞ
2ð1 2mmÞ
1
1þ 3k‘=4lm
; Q‘l ¼
15ð1 mmÞ
7 5mm ð22ÞThe undrained pores are modelled as a particular thermoelastic medium with zero shear coeﬃcient. The Mori–
Tanaka homogenization scheme can be used to estimate fully undrained eﬀective thermoelastic properties. By
using relation (24) with k‘ = 2 GPa, a‘ = 10
4 K1, am = 10
5 K1, fp = 0.15 which corresponds to properties
used for rock-like composites such as argillites (see Giraud et al., 2007b), one may estimate the eﬀective
undrained thermal expansion. The eﬀective thermal expansion can be deduced from the well known formula
obtained by Levin (1967) in linear thermoelasticityahom ¼ am þ ðap  amÞ fp þ 1=k
hom  ðfp=kp þ ð1 fpÞ=kmÞ
1=kp  1=km
 
ð23Þ
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and Hashin (1970), Christensen (1979, formula 3.29, page 324), Berryman and Milton (1992), Torquato
(2002, formula 16.76, page 431) and recently Levin and Alvarez-Tostado (2006). Generalization of this for-
mula to piezoelectrics can be found in Dunn (1993). It may be noticed that in the fully drained limiting case
kp! 0 relation (23) reduces to the well known result ahom = am previously given in relation (19) (see also
Coussy, 2004). By introducing the homogenized bulk modulus (deduced from relations 17 and 21) in Eq.
(23) one obtains the fully undrained eﬀective thermal expansion coeﬃcientahomundr
am
¼ 1 fpð1 Q
‘
ka‘k‘=amkmÞ
1 fpð1 Q‘kk‘=kmÞ
ð24ÞA sensitivity study on pore aspect ratio, elastic properties of the matrix is presented in Fig. 7. Due to the strong
diﬀerence of the thermal expansion coeﬃcient of the water and of the solid matrix (one order of magnitude
higher for the water), the eﬀect of the pore aspect ratio on the overall undrained thermal expansion coeﬃcient
is signiﬁcant (see Fig. 7). In the considered reference case, with fp = 0.15 porosity, the undrained eﬀective ther-
mal expansion may be 2.4 times higher than that of the solid matrix. The eﬀect of the liquid saturating the
pores, in undrained conditions is at a peak for the lowest pore aspect ratio (ep = 0.01).4. A two-step homogenization scheme for isotropic porous rock-like composites and eﬀective porothermoelastic
properties
4.1. Porous rock-like composites such as deep argillites and shales
We consider in this paper a fully saturated rock-like composites with an isotropic argillaceous matrix con-
taining embedded spherical inclusions of solid minerals (such as quartz or carbonate) and pores (see Ulm
0.02 0.04 0.06 0.08
0.05
0.15
0.2
hom
Emfp = 0.15
fp = 0.15 fp = 0.15
fp = 0.15
0.2 0.4 0.6 0.8
0.225
0.25
0.275
0.3
0.325
0.35
hom
Em
0.02 0.04 0.06 0.08
0.025
0.05
0.075
0.125
0.15
0.175
hom
Em
0.2 0.4 0.6 0.8
0.125
0.15
0.175
0.225
0.25
0.275
hom
Em
μ
μ
μ
μ
εp
εp
εp
εp
νm = 0.35
νm = 0.25
νm = 0.15
νm = 0.05
νm = 0.35
νm = 0.25
νm = 0.15
νm = 0.05
νm = 0.475
νm = 0.45
νm = 0.4
νm = 0.35
νm = 0.475
νm = 0.45
νm = 0.4
νm = 0.35
Fig. 4. Reduced eﬀective shear coeﬃcient function of pore aspect ratio ep and Poisson ratio mm, fp = 0.15.
A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23 9et al., 2005). The pore space is assumed to be made of a set of pores that can be described as inclusions of
similar ellipsoidal shape (see Sayers, 1994), so there is only one class of pores, approximated by randomly ori-
ented ﬂat oblate spheroidal inclusions with low aspect ratio e  0.05. The analogous problem for eﬀective ther-
mal conductivity has been presented in Gruescu et al. (2007) and Giraud et al. (2007a). It may be noticed that,
in most cases, sedimentary rocks such as shales and argillites are transversely isotropic (see Giraud et al.,
2007b for corresponding estimates of poroelastic coeﬃcients). The simpliﬁed isotropic model presented in this
paper would provide an approximate of the eﬀective porothermoelastic properties in the case of very low
anisotropic degree. This may occurs in some layers of Meuse/Haute-Marne argillite which is extensively stud-
ied in France in relation with it’s role as geological barrier around nuclear waste disposal (see Montes et al.,
2004; Sarout et al., 2007). The particularity of argillite type or shale type rocks is their very low permeability
which makes very diﬃcult the experimental identiﬁcation of full porothermoelastic coeﬃcients. In these con-
ditions micromechanics could help to identify or at least to give some estimates of overall parameters, suppos-
ing that they are known for each of components at micro scale level. Note however that while the properties of
crystalline mineral inclusions are more or less well known and one could ﬁnd data in diﬀerent references, it is
not the case for the argillaceous matrix for which a full laboratory characterization of porothermoelastic
parameters is not yet available for this kind of material. So the parameters used here for the argillaceous
matrix are an estimate obtained by comparison of various back analysis (see Giraud et al., 2005).
4.2. A two-step homogenization scheme for porous rock-like composites
An application to a porous isotropic shale containing spherical shape inclusions of mineral phases such as
quartz and calcite is presented in this section. One considers the general case of r  1 solid mineral inclusions
(index i = 2, r represents the solid mineral inclusions in what follows). As in references Giraud et al. (2007b,a),
a two-step homogenization scheme is performed:
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Fig. 5. Biot coeﬃcient function of pore aspect ratio ep and Poisson ratio mm, fp = 0.15.
10 A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–231. The argillaceous matrix containing microporosity is ﬁrst homogenized, the result is an isotropic matrix with
stiﬀness tensor, Biot coeﬃcient and Biot solid modulus, respectively, denoted CIhom, b
I, NI. The previous
solution is used to approximate microporosity as randomly oriented ﬂatted ellipsoidal inhomogeneities,
2. Spherical inclusions of mineral phases (such as quartz and calcite) are randomly added in the isotropic por-
ous argillaceous matrix obtained from the ﬁrst step.
The simpliﬁed microstructural model presented in this paper (see Fig. 8) is restricted to microscopic and
macroscopic isotropy and it corresponds to the levels II and III referenced as micro and macro in Ulm
et al. (2005). Compared to the latter reference, the model presented in this paper is generalized to multiple
solid mineral inclusions, and to thermal coupling parameters but restricted to two levels (instead of four)
and to isotropy (instead of transverse isotropy). Lower levels, level 0 which corresponds to clay minerals,
and level II (referenced as nano) which corresponds to mineral aggregation, are not investigated in this paper.
Compared to more realistic microstructural model presented for shale type materials, it may be noticed that
the porosity is strongly simpliﬁed. Only one class of pores is considered in this paper and the only assumption
is that the maximal pore size is at least one order of magnitude lower than the size of mineral solid inclusions.
Volumetric fractions of connected porosity (fp), argillaceous matrix (fam) and solid mineral inclusions are,
respectively, deﬁned by (as previously indicated, all quantities refer to the reference conﬁguration)Pfp ¼ XpX ; f am ¼
Xam
X
;
Xr
i¼2
fi ¼
r
i¼2Xi
X
; f p þ fam þ
Xr
i¼2
fi ¼ 1 ð25ÞThe homogenized porous argillaceous matrix (index M, level I) is composed of argillaceous matrix Xam and
microporosity XpXI ¼ XM ¼ Xp þ Xam ¼ X
Xr
i¼2
Xi; f M ¼ fp þ fam ¼ 1
Xr
i¼2
fi
f Ip ¼
Xp
XM
¼ fp
fM
; f Im ¼ 1 f Ip ð26Þ
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Fig. 6. Inverse of reduced solid Biot modulus function of pore aspect ratio ep and Poisson ratio mm, fp = 0.15.
A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23 11The homogenized rock-like composite at macroscopic level II is composed of homogenized porous argilla-
ceous matrix M and mineral solid inclusionsXII ¼ XM þ
Xr
i¼2
Xi ð27ÞAs in the previous section, the Mori–Tanaka homogenization scheme is used for the two steps. The ﬁrst
homogenization step can be performed by using relation (17) where the input are stiﬀness tensor of the argil-
laceous matrix, porosity fp, average tensor Qp tensor of randomly oriented ﬂat ellipsoidal pores of aspect ratio
ep, the output is the stiﬀness tensor C
I
hom, the Biot coeﬃcient b
I, the solid Biot modulus NI, the thermal expan-
sion coeﬃcient aI and aI/. The ﬁrst homogenization step for the argillaceous matrix and the microporosity can
be written asCIhom ¼ 3kIJþ 2lIK ¼ Cm  f IpCm : Qp : ½ð1 f Ip ÞIþ f IpQp1 ð28Þ
Cm ¼ Cam ¼ 3kamJþ 2lamK ð29ÞThe homogenized porothermoelastic coeﬃcients deduced from the step one are given by relation (19): the
porosity fp being replaced by f Ip which represents the volumetric fraction of pores in argillaceous matrix onlykI
kam
¼ 1 f
I
p
1 f Ip ð1 QpkÞ
;
lI
lam
¼ 1 f
I
p
1 f Ip ð1 QplÞ
bI ¼ f
I
p Q
p
k
1 f Ip ð1 QpkÞ
;
kam
NI
¼  f
I
p ð1 f Ip Þð1 QpkÞ
1 f Ip ð1 QpkÞ
aI/
aam
¼ kam
NI
; aI ¼ aam
ð30Þ
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Fig. 7. Reduced fully undrained eﬀective thermal expansion coeﬃcient function of pore aspect ratio ep and Poisson ratio mm, fp = 0.15 and
Em = 10 GPa.
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Fig. 8. Modelling of an isotropic shale type rock as an isotropic porous argillaceous matrix containing randomly distributed spherical
inclusions.
12 A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23The input of second homogenization step are the homogenized stiﬀness tensor obtained from the ﬁrst homoge-
nization step (argillaceousmatrix and pores), denotedCIhom, the volumetric fraction of eachmineral phases fi, the
thermoelastic properties of each mineral phase (stiﬀness tensor Ci ¼ 3kiJþ 2liK, thermal expansion coeﬃcient
A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23 13ai, assumed isotropic) and the eigenstress r
p due to the pore pressure. For the sake of simplicity, the isothermal
eﬀective poroelastic coeﬃcients will be ﬁrstly investigated under isothermal conditions (H = 0 in relations 13).
The similar calculations for thermal coeﬃcient are detailed in Appendix C. By following the reasoning presented
in Ulm et al. (2005), a continuous description of the stress ﬁeld in the heterogeneous RVE is adoptedrðzÞ ¼ CðzÞ : eðzÞ þ rpðzÞ in XII
CðzÞ ¼ CM ¼ CIhom in XM ; CðzÞ ¼ Ci in Xi ði ¼ 2; rÞ
rpðzÞ ¼ bMP ¼ bIP in XM ; rpðzÞ ¼ 0 in Xi ði ¼ 2; rÞ
ð31ÞIn what follows the Levin’s theorem (see Levin, 1967 and recently Levin and Alvarez-Tostado, 2006) is used in
linear microporoelasticity (see also Ulm et al., 2005) to decompose the problem in two subproblems:
1. The ﬁrst subproblem corresponds to isothermal (H = 0) drained conditions (the prestress ﬁeld is zero
rp = 0, P = 0) combined with loading parameter equal to macroscopic strain tensor E.n0ðzÞ ¼ E  z on oXII
r0 ¼ CðzÞ : e0 ð32ÞThe macroscopic strain tensor is related to the microscopic strain by the strain localisation conditione0ðzÞ ¼ AðzÞ : E ð33Þ
AðzÞ satisﬁes the compatibility conditionE ¼ e0ðzÞ () I ¼ fMAM þ
Xr
i¼2
fiAi ð34Þwheree0 ¼ 1
XII
Z
XII
e0 dX ¼ fMe0M þ
Xr
i¼2
fie0i ð35ÞOne deducesAM ¼  1
fM
I
Xr
i¼2
fiAi
 !
ð36ÞThe use of relations (31), (34) and (36) yields, after volume averaging, the macroscopic stress and the
homogenized stiﬀness tensor of the rock-composite. In the particular case of r1 isotropic mineral phase
inclusions of spherical shape isotropically distributed, the homogenized stiﬀness tensor obtained with
Mori–Tanaka scheme can be written asCIIhom ¼ CIhom þ
Xr
i¼2
fiðCi  CIhomÞ : Ai
Ai ¼ Di : Iþ
Xr
i¼2
fiðDi  IÞ
" #1
; Di ¼ Iþ PI : Ci  CIhom
  1 ð37ÞAs the solid mineral inclusions are spherical and the homogenized porous matrix obtained from the ﬁrst
step is isotropic, the corresponding expressions of relations (37) are easily deduced (see relations 61 and
62, Appendix A)PI ¼ 1
3kI þ 4lI Jþ
3ðkI þ 2lIÞ
5lIð3kI þ 4lIÞK; Di ¼ D
k
i Jþ DliK
Dki ¼
3kI þ 4lI
3ki þ 4lI ; D
l
i ¼
5lIð3kI þ 4lIÞ
3kIð2li þ 3lIÞ þ 4lIð3li þ 2lIÞ
ð38Þ
14 A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23The change of porosity in the ﬁrst subproblem readsð/ /0ÞII
 0 ¼ bII : E ð39Þ2. The second subproblem is the zero-displacement boundary problem associated with a loading deﬁned by
the prestress ﬁeld rp only (assuming also isothermal conditions H = 0). In this casen00ðzÞ ¼ 0 on oXII
r00 ¼ CðzÞ : e00 þ rpðzÞ ð40ÞThe corresponding macroscopic stress R00 is the macroscopic average of r00 over XII. Applications of the
Hill’s Lemma ﬁrstly to the strain ﬁeld e 0 and the stress ﬁeld r00 and secondly to e00 and the stress ﬁeld r 0 yield
(see Dormieux et al., 2006, page 158)R00 ¼ rpðzÞ : AðzÞ ¼ bIIP ð41Þ
By taking into account relations (31)–(36) one obtainsbII ¼ bM : I
Xr
i¼2
fiAi
 !
¼ bI : I
Xr
i¼2
fiAi
 !
ð42ÞIn the isotropic case investigated in this paper, by taking into account relationsAi ¼ Aki Jþ AliK; Aki ¼ Ai :: J; Ali ¼ Ai :: K=5; bI ¼ bId ð43Þ
one deduces (see relations 5)bII ¼ bI 1
Xr
i¼2
fiA
k
i
 !
Aki ¼ Dki 1þ
Xr
i¼2
fi Dki  1
  !, ð44Þand relation (44) reduces tobII ¼ bI 1
Xr
i¼2
fiDki
 !
1þ
Xr
i¼2
fi Dki  1
  !, ! ð45ÞThe change of porosity in the subproblem readsð/ /0ÞII
 00 ¼ fM bM : e00M þ PNM
 
¼ P
NII
ð46Þwhere NM = N
I and bM = b
I. One considers the condition of zero macroscopic strain for this subproblemE 00 ¼ e00 ¼ fMe00M þ
Xr
i¼2
fie00i ¼ 0 ð47Þhencee00M ¼  1
fM
Xr
i¼2
fie00i ð48ÞThe stress average of the subproblem can be written asR00 ¼ r00 ¼ fMr00M þ
Xr
i¼2
fir00i þ fMðbMP Þ ¼ bIIP ð49ÞBy taking into account relations (48) one obtains
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i¼2
fiðCi  CMÞ : e00i ¼ ðbII  fMbMÞP ð50ÞThus, from the relation (42) one deducesbII  fMbM ¼ bI :
Xr
i¼2
fi IAi
  ! ð51Þand thene00i ¼ ðCi  CMÞ1 : bI : IAi
  ð52ÞFinally by inserting relation (52) in (46) one obtains the homogenized solid Biot modulus1
NII
¼ fM
NI
þ bI :
Xr
i¼2
fi Ci  CMð Þ1 : ðIAiÞ
 	 !
: bI ð53ÞThe Levin’s theorem in thermoelasticity allows to obtain eﬀective thermal coeﬃcients. The reasoning,
detailed in Appendix C is similar to the one presented in linear poroelasticity, by replacing the pore pressure
P and the corresponding prestress rp by temperature variation H and thermal prestress rh. Finally the super-
position of the two isothermal subproblems, and the two drained subproblems (see Appendix C) yields the
macroscopic equations of the rock composite materialR ¼ CIIhom : E  bIIP jIIH
ð/ /0ÞII ¼ bII : E þ
P
NII
 3aII/H
Ss  S0s ¼ jII : E  3aII/Pþ
CIIe
T 0
H
ð54Þtogether with the porothermoelastic propertiesCIIhom ¼ CIhom þ
Xr
i¼2
fi Ci  CIhom
 
: Ai; bII ¼ bI : I
Xr
i¼2
fiAi
 !
jII ¼ jI þ
Xr
i¼2
fi ji  jI
 
: Ai; aII ¼ CIIhom
 1
: jII
1
NII
¼ fM
NI
þ bI :
Xr
i¼2
fi Ci  CIhom
 1
: IAi  	
 !
: bI
aII/ ¼ fMaI/ þ
1
3
bI :
Xr
i¼2
fi Ci  CIhom
 1
: ji  jI
 
: IAi 
 !
ð55ÞIn the particular isotropic case, eﬀective tensorial properties take the formCIIhom ¼ 3kIIJþ 2lIIK; bII ¼ bIId; jII ¼ 3aII kIId; aII ¼ aIId ð56Þ
Homogenized porothermoelastic properties at level I (homogenized argillaceous matrix and micropores) are
given in relation (30) where Qpk and Q
p
l are calculated by setting Ci ¼ Cp ¼ 0, and Cm ¼ Cam in relations
(10)–(12). Homogenized isotropic porothermoelastic properties obtained after the ﬁrst homogenization step,
kI, lI, aI, bI, NI and aI/ are input data for the second homogenization step. The eﬀective isotropic porother-
moelastic properties of the homogenized rock-like composite at step II, kII, lII, aII, bII, NII and aII/ , are given
by
Table
Elastic
a22 = a
Consti
Quartz
Calcite
16 A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23kII ¼ kI þ
Xr
i¼2
fiðki  kIÞAki ; lII ¼ lI þ
Xr
i¼2
fiðli  lIÞAli
bII ¼ bI 1
Xr
i¼2
fiA
k
i
 !
; aII ¼ a
I kI
kII
þ
Xr
i¼2
fi
aiki  aI kI
kII
 
Aki
1
NII
¼ fM
NI
þ ðbIÞ2
Xr
i¼2
fið1 Aki Þ
ki  kI
 !
aII/ ¼ fMaI/ þ bI
Xr
i¼2
fið1 Aki Þðaiki  aI kIÞ
ki  kI
 !
ð57ÞThe eﬀective thermoelastic properties of the fully undrained medium can be obtained by replacing the drained
homogenized thermoelastic properties of the level I (relations 30) bykIundr
kam
¼ 1 f
I
p ð1 Q‘kk‘=kamÞ
1 f Ip ð1 Q‘kÞ
;
lIundr
lam
¼ 1 f
I
p ð1 Q‘ll‘=lamÞ
1 f Ip ð1 Q‘lÞ
aIundr
aam
¼ 1 f
I
p ð1 Q‘ka‘k‘=a amkamÞ
1 f Ip ð1 Q‘kk‘=kamÞ
ð58ÞQ‘k and Q
‘
l (relation 58) are obtained by setting Ci ¼ C‘ ¼ 3k‘J, and Cm ¼ Cam in relations (10)–(12).
4.3. Numerical results
One presents in this section numerical results for a rock-like composite representative of a deep argillite.
The developed model can be applied to isotropic rocks, or rocks with very low anisotropic degree that can
be approximated by equivalent isotropised rock. This is the case of some shales or argillites, even if, in many
situations those materials are transversely isotropic due to their geological history. Only the two main solid
mineral phases, quartz (a) SiO2 and calcite CaCO3 are considered. As quartz and calcite are trigonal crystal
systems (see Table 1), equivalent isotropic thermoelastic parameters have to estimated and considered in the
simpliﬁed isotropic micromechanical model presented in this paper. The shape of these inclusions is also sim-
pliﬁed and supposed spherical. By, respectively, denoting Ci and ai the fourth order anisotropic stiﬀness and
second order thermal expansion tensor of the mineral phase i, the equivalent approximate isotropic thermo-
elastic properties are calculated as followsCisi ¼ 3kisi Jþ 2lisi K; aisi ¼ aisi d
kisi ¼
Ci :: J
3
; lisi ¼
Ci :: K
10
; aisi ¼
ai : d
3
ð59ÞIt may be noticed that mineral phases quartz and calcite are highly thermally and mechanically anisotropic. As
an example (see Table 1), the linear thermal expansion coeﬃcient of the calcite is, respectively, negative in
directions perpendicular to the central axis of the crystal system (z3 axis), a11 = a22 < 0 and positive in the
z3 direction. Another point has to be noticed, thermal expansion of quartz and calcite are non-linear functions
of temperature. On the basis of reference Winkler (1975), the provided values of thermal expansion coeﬃcients
are valid in the range 0–150 C. The equivalent isotropic parameters deduced from relation (59) are presented1
constants Cijkl and linear thermal expansion coeﬃcients aij of quartz and calcite at room P and T (Cijkl in GPa, aij in 10
6 K1,
11), Winkler (1975)
tuent C1111 C3333 C2323 C1122 C1133 C1123 a11 a33
(SiO2) 86.74 107.2 57.9 6.98 11.9 17.9 16.0 8.0
(CaCO3) 144 84.0 33.5 53.9 51.1 20.5 6.25 22.0
Table 2
Isotropised thermoelastic constants of constituents and mineralogic composition of a deep argillite (B model), bulk modulus kisi and shear
coeﬃcient lisi in GPa, linear thermal expansion coeﬃcient a
is
i in 10
6 K1
Constituent fi k
is
i l
is
i a
is
i
Quartz 0.125 38 47.7 13.3
Calcite 0.125 76 36.8 3.2
Arg. matrix 0.60 4.2 3.1 10.0
Pore space 0.15
A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23 17in Table 2 for the reference model denoted B. A parametric study has been performed on volumetric fraction
of quartz and calcite by comparing three models: fca = fqua = 0.05 (A model), fca = fqua = 0.125 (B model, gi-
ven in Table 2) and fca = fqua = 0.25 (C model). It may be noticed that porosity has been maintained constant
for the three models (fp = 0.15), variations of volumetric fraction of quartz and calcite are opposite to volu-
metric fraction of argillaceous matrix. This case is not realistic because in many situations, the porosity varies
contrarily to the content of solid mineral inclusions as quartz and calcite. Eﬀect of pore aspect ratio in the
range 0.01 6 ep 6 0.1 on eﬀective porothermoelastic coeﬃcient is presented in Figs. (9 and 10). As stiﬀness,
and in particular bulk moduli, of quartz and calcite are much higher than those of argillaceous matrix, higher
the volumetric fraction of quartz and calcite at ﬁxed porosity and pore aspect ratio, higher the Biot coeﬃcient.
As expected, the homogenized material is stiﬀer for the highest content of quartz and calcite. The eﬀect of the
pore aspect ratio in the range 0.01 6 ep 6 0.1 is very signiﬁcant and has been previously discussed in simpler
two-phase case. It must be emphasized to notice that diﬀerences between drained and fully undrained thermal
expansion coeﬃcients (Fig. 10) is signiﬁcant. The opposite eﬀect of the pore aspect ratio variation between the0.02 0.04 0.06 0.08
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Fig. 9. Eﬀective poroelastic coeﬃcients of the two-step homogenization model: inﬂuence of pore aspect ratio and volumetric fraction of
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18 A. Giraud et al. / International Journal of Solids and Structures 45 (2008) 1–23two cases is due to the fact that in the fully undrained case, the thermal expansion of the water liquid
a‘ = 10
4 K1is very high compare to those of all the solid constituents (one order of magnitude higher than
the highest thermal expansion of the solid). Due to the very low equivalent isotropic thermal expansion of the
calcite compared to that of the argillaceous matrix (see Table 2), the eﬀective thermal expansion decreases with
calcite and quartz contents (all others parameters being ﬁxed, A model produces highest thermal expansion
compared to B and C models).
5. Conclusions
An explicit solution has been obtained for the problem of the randomly oriented ellipsoidal inhomogene-
ities in a in an isotropic matric by exact integrate of the well known (and fundamental) Eshelby solution for
the isolate inhomogeneity. It is complementary to the simpler well known solutions obtained in the limiting
cases of penny shape and spherical inhomogeneities. It has been applied to estimate eﬀective elastic, thermo-
elastic, poroelastic and porothermoelastic properties of isotropic rock-like composites. The isotropic case has
been chosen and detailed in this paper because it allows to obtain simple and useful relations for estimate cou-
pled porothermomechanical coeﬃcients of isotropic rocks or, in ﬁrst approach, rocks with very low aniso-
tropic degree. The presented approach can be easily extent to anisotropy, and in particular to transversely
isotropy which is useful for many sedimentary rocks.
The work under way concerns the estimate of porothermoelastic coeﬃcients of transversely isotropic
rocks and also the homogenization of the argillaceous matrix. A multistep homogenization scheme, similar
to those presented in reference Ulm et al. (2005), will allow to improve the microporomechanical at the
lower scales.
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Complete expressions of Eshelby or Hill tensors can be found in many references (see reference books
Nemat-Nasser and Hori, 1993; Mura, 1987). We only recall here after components of Hill tensor P of an
oblate spheroidal inclusion with symmetry axis z3 and aspect ratio 0 < e < 1:P 1111 ¼
e e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
ðkmð6e2  33Þ þ ð26e2  35ÞlmÞ þ ð3kmð4e2 þ 5Þ þ ð29 20e2ÞlmÞ arccosðeÞ
 	
16ð1 e2Þ5=2lmð3km þ 4lmÞ
P 1122 ¼ 
e 3km þ lmð Þ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
ð2e2 þ 1Þ þ ð1 4e2Þ arccosðeÞ
 	
16ð1 e2Þ5=2lmð3km þ 4lmÞ
P 1133 ¼ 
eð3km þ lmÞ 2 arccosðeÞe2  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
eþ arccosðeÞ
 	
4ð1 e2Þ5=2lmð3km þ 4lmÞ
P 3333 ¼ eðkmð6e
2 þ 3Þ þ ð8e2  5ÞlmÞ arccosðeÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
ð3e2ðkm þ lmÞ  2lmÞ
2ð1 e2Þ5=2lmð3km þ 4lmÞ
P 2323 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
ð3kmðe4 þ 3e2 þ 2Þ þ 2ð2e4  3e2 þ 4ÞlmÞ  3eð3kmðe2 þ 1Þ þ 2lmÞ arccosðeÞ
8ð1 e2Þ5=2lmð3km þ 4lmÞ
P 1212 ¼ P 1111  P 1122
2
ð60Þkm and lm, respectively, denote the bulk modulus and shear coeﬃcient of the surrounding isotropic matrix.
The Hill tensor P is transversely isotropic with symmetry axis z3. In the particular case of a spherical inclusion,
the Hill polarization P tensor is given by (see among others Walpole, 1969; Mura, 1987; Nemat-Nasser and
Hori, 1993; Dormieux et al., 2006)P ¼ 1
3km þ 4lm
Jþ 3ðkm þ 2lmÞ
5lmð3km þ 4lmÞ
K ð61ÞThe corresponding Wu tensor, or dilute concentration tensor Di, may be easily calculated thanks to relations
(10)–(61)Di ¼ DikJþ DilK
Dki ¼
3km þ 4lm
3ki þ 4lm
; Dli ¼
5lmð3km þ 4lmÞ
3kmð2li þ 3lmÞ þ 4lmð3li þ 2lmÞ
ð62Þwhere ki and li, respectively, denote the bulk modulus and shear coeﬃcient of the spherical isotropic inhomo-
geneity i. Relation (62) is well known and may be found in many references: Wu (1966), Walpole (1969), Ne-
mat-Nasser and Hori (1993, Section 8.1.1, Chapter 3), Berryman and Berge (1996) and Torquato (2002,
Section 17.2.1).Appendix B. Explicit expression of fully drained volumetric coeﬃcient Qpk for randomly distributed oblate
spheroidal pores
Compact expression of fully drained volumetric or hydrostatic coeﬃcient Qpk can be obtained in the partic-
ular case of inhomogeneities with zero stiﬀness coeﬃcients (relation 18). In the context of porous media inves-
tigated in this paper, this case corresponds to the fully drained poroelastic case. Inhomogeneities may represent
fully drained pores for poromechanical problems or oblate spheroidal voids for uncoupled mechanical prob-
lems. Relations (12)–(18) give (km and lm, respectively, represent the bulk modulus and the shear coeﬃcient of
the matrix m):
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Npk
Dpk
Npk ¼ 3 2lmðP 1111 þ P 1122  4P 1133 þ 2P 3333Þ
Dpk ¼ 9 6lmðP 1111 þ P 1122  4P 1133 þ 2P 3333Þ  9kmð2ðP 1111 þ P 1122 þ 2P 1133Þ  P 3333Þ
þ 54kmlmððP 1111 þ P 1122ÞP 3333  2P 21133Þ
ð63ÞIt must be emphasized that Qpk and Q
p
l (not written in that special case) only depend on the Poisson ratio mm of
the matrix and on the pore aspect ratio e. By inserting expressions of P components (see Appendix A) in rela-
tion (63) one obtainsQpk ¼Qpkðe;mmÞ¼
Npkðe;mmÞ
Dpkðe;mmÞ
Npkðe;mmÞ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
1 mmð Þð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
ð2e2þ1Þðe2ð54mmÞþ4ð1þ mmÞÞþ3e 4ð2 mmÞe2

þ1þ4mmÞarccosðeÞÞ
Dpkðe;mmÞ¼ 6eð12mmÞ eþð1 mmÞe5þ mme3ð1þ mmÞðarccosðeÞÞ2eþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
ð2ð1 mmÞe21ÞarccosðeÞ
 	
ð64ÞIn the limiting case of spherical pores (e! 1) one deduces the simple formulaeQpk ¼
3ð1 mmÞ
2ð1 2mmÞ ; Q
p
l ¼
15ð1 mmÞ
7 5mm ð65ÞIn the limiting case of penny shape pores (or cracks, e! 0) one obtainsQpk ¼
4ð1 m2mÞ
3pð1 2mmÞe ; Q
p
l ¼
8ð5 mmÞð1 mmÞ
15pð2 mmÞe ð66Þwhich are consistent with those given by Berryman and Berge (1996) and Dormieux et al. (2006).
Appendix C. Homogenization of the thermally coupled coeﬃcients
In this section, the Levin’s theorem in thermoelasticity (see Levin, 1967; Levin and Alvarez-Tostado, 2006)
is used to obtain eﬀective coupled thermal coeﬃcients. The reasoning is similar to the one presented in linear
poroelasticity, by replacing the pore pressure P and the corresponding prestress rp by temperature variation H
and thermal prestress rh. The stress ﬁeld in the heterogeneous RVE is adoptedrðzÞ ¼ CðzÞ : eðzÞ þ rhðzÞ in XII
CðzÞ ¼ CM ¼ CIhom in XM ; CðzÞ ¼ Ci in Xi ði ¼ 2; rÞ
rhðzÞ ¼ jMH ¼ jIH ¼ 3aI kIdH in XM
rhðzÞ ¼ jiH ¼ 3aikidH in Xi ði ¼ 2; rÞ
ð67Þ1. The ﬁrst subproblem corresponds to isothermal (the thermal prestress ﬁeld is zero rh = 0, H = 0) and
drained conditions combined with loading parameter equal to macroscopic strain tensor E. The ﬁrst sub-
problem has been fully described in Section 4.2 and the corresponding obtained results will be used
hereafter.
2. The second subproblem is the zero-displacement boundary problem associated with a loading deﬁned by
the prestress ﬁeld rh only (assuming also drained conditions P = 0). In this casen00ðzÞ ¼ 0 on oXII
r00 ¼ CðzÞ : e00 þ rhðzÞ ð68Þ
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Lemma ﬁrstly to the strain ﬁeld e 0 and the stress ﬁeld r00 and secondly to e00 and the stress ﬁeld r 0 yieldR00 ¼ rhðzÞ : AðzÞ ¼ jIIH ¼ 3aII kIIdH ð69Þ
By taking into account relations (36)–(67) one obtainsjII ¼ jM : I
Xr
i¼2
fiAi
 !
þ
Xr
i¼2
fiji : Ai
¼ jI þ
Xr
i¼2
fi ji  jI
 
: Ai
ð70ÞIn the isotropic case, one deducesaII ¼ a
I kI
kII
þ
Xr
i¼2
fi
aiki  aI kI
kII
 
Aki ð71ÞBy using relation (44) it may be shown that relation (71) reduces toaII ¼ a
I kI
kII
þ
Xr
i¼2
fi
aiki  aI kI
kII
 
Dki
 !
1þ
Xr
i¼2
fiðDki  1Þ
 !,
ð72ÞThe change of porosity in the subproblem readsð/ /0ÞII
 00 ¼ fM bM : e00M  3aI/H 	 ¼ 3aII/H ð73ÞThe stress average of the subproblem can be written asR00 ¼ r00 ¼ fMr00M þ
Xr
i¼2
fir00i  fMjMH
Xr
i¼2
fijiH ¼ jIIH ð74ÞBy taking into account relation (48) one obtainse00i ¼ ðCi  CMÞ1 : ðji  jIÞ : ðIAiÞ ð75Þ
Finally by inserting relation (75) in (73) one deducesaII/ ¼ fMaI/ þ
1
3
bI :
Xr
i¼2
fiðCi  CMÞ1 : ðji  jIÞ : ðIAiÞ
 !
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